Abstract. Given two graphs T and F , the maximum number of copies of T in an F -free graph on n vertices is denoted by ex(n, T, F ) and is called the Generalized Turán number.
Introduction
Let F be a family of graphs. A graph G is called F-free if for any F ∈ F, there is no subgraph of G isomorphic to F . The Turán number ex(n, F) is defined to be the maximum number of edges in an F-free graph on n vertices. For a single graph F , we write ex(n, F ) instead of ex(n, {F }). Turán introduced this problem in [16] , and we recommend [11, 15] for surveys on Turán problems for graphs and hypergraphs.
Let P k be the path on k verices, M k the matching with k edges, and C ≥k the family of all cycles with length at least k. In [4] , Erdős and Gallai gave the tight upper bound on ex(n, P k ) and ex(n, C ≥k ), and determined the exact value of ex(n, M k ). In particular, they proved that
Given a graph T and a family of graphs F, the maximum number of copies of T in an F-free graph on n vertices is denoted by ex(n, T, F) and is called the Generalized Turán number. When T = K 2 , it reduces to the classical Turán number ex(n, F). For a single graph F , we write ex(n, T, F ) instead of ex(n, T, {F }). In [5] , Erdős determined ex(n, K s , K t ) exactly. Recently, the problem of estimating Generalized Turán number has received a lot of attention, see [2, [6] [7] [8] [9] [10] 13, 14] . We refer the reader to [2] for more background and motivation.
In [12] , Luo gave an upper bound on ex(n, K s , C ≥k ) and obtained the exact value of ex(n, K s , P k ), which generalized the Erdős-Gallai's Theorem for paths and the family of long cycles in [4] . In this note, we determine the exact value of the Generalized Turán number of matchings of size k, which generalizes the Erdős-Gallai's Theorem for matchings in [4] .
Precisely, we prove that for s ≥ 2,
Our proof is mainly based on the shifting method, which has been used in [1] to give a short proof of the Erdős-Gallai's Theorem for matchings.
Notations and outline. Let G be a simple graph. By V (G), E(G) we denote the vertex set, the edge set of G, respectively. We call a subgraph of G that isomorphic to K s an s-clique.
Let e(G) be the number of edges of G and N s (G) the number of s-cliques of G. For any
x ∈ G, we denote by deg(x) the number of neighbors of x in G. By ν(G) we denote the number of edges in a maximum matching of G. Let G 1 and G 2 be two disjoint graphs. The join of two graphs, denoted by
We denote by K n and E n the complete graph on n vertices and the empty graph on n vertices, respectively.
The rest of this short paper is organized as follows. In Section 2, we introduce the shifting operation on graphs and give some properties of this operation. In Section 3, we prove the main result.
2 The shifting operation
and edge set E(G) = {e 1 , e 2 , . . . , e m }. For 1 ≤ i < j ≤ n, we define a shifting operation S ij on G as follows:
(e − {j}) ∪ {i} if j ∈ e, i / ∈ e and (e − {j}) ∪ {i} / ∈ E(G), e, otherwise.
Define S ij (G) be a graph with vertex set V (G) and edge set {S ij (e) : e ∈ E(G)}.
It is easy to see that e(S ij (G)) = e(G). In [1] , Akiyama and Frankl proved the following lemma.
We further prove that the shifting operation can never reduce the number of s-cliques.
Lemma
Proof. Let C be an s-subset of [n] that forms an s-clique of G. It is easy to check that C also forms an s-clique in S ij (G) for the following three cases:
(ii) j ∈ C and i ∈ C;
(iii) j ∈ C, i / ∈ C, but for any x ∈ C \ {j}, we have {x, i} ∈ E(G).
If j ∈ C, i / ∈ C and there exists some x ∈ C such that {x, i} / ∈ E(G). Then let
and B = C \ {j} \ A. On one hand, since for any x ∈ A, {x, i} / ∈ E(G). It follows that C ′ = (C \ {j})∪{i} does not form an s-clique in G. On the other hand, for any x ∈ A, we have S ij ({x, j}) = {x, i} ∈ E(S ij (G)). For any x ∈ B, since {x, i} ∈ E(G) and S ij ({x, i}) = {x, i}, we have {x, i} ∈ E(S ij (G)). Thus, C ′ forms an s-clique in S ij (G).
Therefore, for any s-clique C in G, there is an unique corresponding s-clique in S ij (G).
It follows that N s (S ij (G)) ≥ N s (G) and the lemma holds.
The main result
Lemma 3.1.
[3] Let G be a graph on n vertices. If whenever ν(G + uv) = k + 1 and
Theorem 3.2. For s ≥ 2, we have
Proof. Let G be a graph on n vertices with ν(G) ≤ k and the maximum number of s-cliques.
Since it can never reduce the number of s-cliques by adding edges, we can further assume that G is the one with maximum number of edges subject to ν(G) ≤ k and N s (G) is maximum.
Then we label the vertices of G such that V (G) = [n], and keep on applying the shifting operation S ij to G for all i, j with 1 ≤ i < j ≤ n. After all we obtain a graphG. It is easy to see that e(G) = e(G) and for any {x, y} ∈ E(G), x ′ < x and x ′ = y, we always have {x ′ , y} ∈ E(G). By Lemma 2.1, we have that ν(G) ≤ ν(G) ≤ k. We can further assume that ν(G) = k. Otherwise, by adding one edge toG, we get a new graph G ′ with more edges and ν(G ′ ) ≤ k, which contradicts with that G is the one with maximum number of edges.
Since G be a graph with the maximum number of s-cliques, by Lemma 2.2 we have that
. Now we prove the following three claims that characterises the property of G.
Claim 1. Vertex subset {1, 2, . . . , k + 1} forms a clique ofG.
Suppose to the contrary that there exists x 1 , x 2 with 1 ≤ x 1 < x 2 ≤ k + 1 such that
Since ν(G) = k, it follows that there must exist one edge {y 1 , y 2 } ∈ E(G)
such that y 2 > y 1 ≥ k. Then by x 1 ≤ k ≤ y 1 and {y 1 , y 2 } ∈ E(G), we have {x 1 , y 2 } ∈ E(G).
Let U be the vertex subset that forms a maximum clique inG. If |U | ≥ 2k + 2, then we shall obtain a matching of size k + 1, a contradiction. Thus, we can assume that U = [ℓ] for
Claim 2. U ′ forms an independent set ofG.
Suppose to the contrary that there exists x 1 , x 2 with ℓ + 1 ≤ x 1 < x 2 ≤ n such that {x 1 , x 2 } ∈ E(G). Then for any x ∈ U , since x ≤ ℓ < x 2 , we have {x 1 , x} forms an edge ofG.
It follows that U ∪ {x 1 } forms a larger clique ofG, a contradiction.
Claim 3. For any vertex y ∈ U ′ , we have deg(y) ≤ 2k − ℓ + 1.
Suppose to the contrary that deg(y) ≥ 2k − ℓ + 2 for some y ∈ U ′ . Since U is a maximum clique and y / ∈ U , it follows that there exists some x ∈ U , such that {x, y} / ∈ E(G). SinceG 
Let f (ℓ) = Combining all the cases, we obtain that for s ≥ 2,
On the other hand, it is easy to see that the constructions K 2k+1 and K k ∨E n−k are M k+1 -free.
It implies that
which completes the proof.
